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Abstract

This report is an introduction to the size–change termination principle (SCT)
and its intrinsic complexity, which is surprisingly high. Deciding size–change
termination is Pspace–complete. Moreover some approximations for deciding
size–change termination of a given functional program are discussed.

The first approximation (SCP1) is an O(N 2)–time algorithm but it only
is applicable to a restricted class of programs. With some modifications and
at the cost of performance, the approximation (SCP2) is applicable to general
programs within O(N 3)–time.

Finally the usage of an existing implementation is discussed and a possible
generalisation of the analysis is given.
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Chapter 1

Introduction

The size–change termination principle is used to prove termination of func-
tional programs over well–founded data. It is suitable for automated analysis,
although its complexity is very high (i.e. Pspace–complete). Thus approxima-
tions are needed in order to gain efficient algorithms. Two of them are subject
of this report.

Until now a number of papers dealing with size–change termination where
published ([1, 2, 3, 4]). This is an attempt to summarise most important con-
cepts and ideas and also to unify different notations that where used in the
literature. An overall picture of size–change termination and related topics
should be given in a compact way.

Unlike most other publications about this topic, the semantics of the func-
tional programs to be analysed is not discussed in detail. Therefore some proofs
needed to be reformulated, but as a result it should be easier to understand
size–change termination.

Termination analysis using the size–change termination principle (SCT for
short) is done in two phases of which only the second one is contained in this
report:

1. Extract a safe (see Definition 2.1.5) set of size–change graphs.

2. Apply the SCT (see Theorem 2.1.9) criterion.

The first step is in general undecidable but good choices that are intuitively
correct can be made (see [2]). The second step deals with the following problem:

instance: A first order functional program p (see Section B.1)
and a safe set of size–change graphs G (see Defini-
tions 2.1.2 and 2.1.5) for p.

question: Is p size–change terminating?

In the following the set of all size–change terminating programs p, as well as
the set of all Gs that satisfy the size–change termination criterion, is denoted by
Sct whereas SCT denotes the condition for a program p to be size–change termi-
nating or for a set of size–change graphs G to fulfil the size–change termination
criterion respectively.
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Hence
SCT(p) ⇐⇒ p ∈ Sct

reads “A program p is size–change terminating if and only if it is in the set of
all size–change terminating programs”, which is no surprise but should clarify
how the different notions are used.

There are several formulations of SCT that differ only slightly in there diction
and level of abstraction. Let the first formulation of SCT be:

If every infinite computation would cause an infinite descent in
some well–founded size measure, then no infinite computation
is possible.

I.e. it is not possible to infinitely decrease values of a well–founded domain,
because at some point the smallest value is reached. Another formulation (using
already notions that will be defined later) is:

If every infinite call sequence gives rise to an infinitely strictly
decreasing thread among the size–change graphs, then a pro-
gram always terminates.

An overview of the topics discussed in each section follows:
In Section 2.1 the principle is introduced and some necessary preliminaries

are done, such as the definition of size–change graphs, multipaths and threads.
In Section 2.2 it is shown how to prove size–change termination using Büchi–

automata techniques. This is done by constructing two ω–automata and check-
ing whether there accepted languages are equal. Unfortunately equivalence of
Büchi–automata is known to be Pspace–complete. Therefore a look at the
complexity of Sct is taken, resulting in the Pspace–completeness proof of
size–change termination.

Due to the Pspace–completeness result for the given problem, Ptime–
approximations are discussed in Section 3 starting from a precise (i.e. non–
approximating) graph–based algorithm for proving size–change termination.
The first approximation is only applicable to a restricted class of programs
whereas some modifications result in applicability to general programs.

In Appendix A firstly the web–interface of an existing implementation of
SCT is described. Afterwards a possible generalisation of size–change graphs
into affine graphs is shortly discussed and an example is given.

In Appendix B all the necessary definitions that are not directly linked to
size–change termination are given to outhouse them from the floating text but
still make arguments of the former sections precise. Every time a definition
from the Appendix is needed, a reference is given.
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Chapter 2

The Size–Change Principle

2.1 Basic Notions

There are some notions that have to be defined. First of all it is supposed that
the program p is written in a first order functional language with well–founded
data, like Lf

1 from Section B.1.

Definition 2.1.1 (Call Sequences). A call sequence is a possibly infinite se-
quence of call labels (see Definition B.1.2) occurring in program p,

c1, c2, c3, · · · ∈ C
∗ω
p .

Where C∗ωp denotes the set of all finite or infinite sequences over Cp, the set of
call labels occurring in p.

It is well–formed if it is possible with respect to p’s control flow, i.e. ci+1

has to occur in the body of the function called at label ci for all i = 1, 2, 3, . . . .

Definition 2.1.2 (Size–Change Graphs). A size–change graph G : f → g is a
bipartite graph G = (Par(f),Par(g), E) with set of labelled edges

E ⊂ Par(f)×L× Par(g)

such that L = {>,=} and not both x
>
→ y and x

=
→ y are elements of E.

In other words a size–change graph describes relations between parameters
of some function f and parameters of some function g that is called within f .
The only relations of interest at this point are equality of two parameters and
strict decrease between a call of f and a call of g.

ack (m, n) = i f m = 0 then n + 1 else
i f n = 0 then 1 : ack (m − 1 , 1 )

else 2 : ack (m − 1 , 3 : ack (m, n − 1 ) )

Listing 2.1: ack

Example 2.1.3. In Figure 2.1, three possible size–change graphs for the pro-
gram ack from Listing 2.1 can be seen. One for each function call in the body
of the function ack, where function calls are labelled by consecutive natural
numbers.
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Figure 2.1: Size–change graphs for ack

Definition 2.1.4 (Multipaths and Threads). A multipath M is a possibly
infinite sequence G1, G2, G3, . . . of size–change graphs s.t. for each Gi : fi → gi

and Gi+1 : fi+1 → gi+1 the function symbol gi equals fi+1. This is drawn as a
possibly infinite graph like the one in Figure 2.2.

For a well–formed call sequence cs = c1, c2, c3, . . . and a set of size–change
graphs G the G–multipath of cs (denoted byMG(cs)) is defined as the sequence
Gc1 , Gc2 , Gc3 , . . . .

A thread within a multipath M = G1, G2, G2, . . . is a connected possibly

infinite path of edges xj

lj
→ xj+1

lj+1

→ xj+2
lj+2

→ . . . for some j ≥ 1 such that

xi
li→ xi+1 ∈ Gi for each i ≥ j.

Note that a thread can start at any vertex within a multipath. Intuitively
speaking a multipath represents a possible sequence of function calls during the
execution of a program, whereas a thread follows the size–changes (if decreasing
or staying equal) of a certain parameter within such a multipath.

Definition 2.1.5 (Safe Sets of Size–Change Graphs). Let p be a first order
functional program. A set G of size–change graphs for p is called safe if for every
c ∈ Cp (i.e. for every call label occurring in p) there is exactly one Gc : f → g ∈ G
and its edges safely describe the size relations between Par(f) and Par(g), i.e. Gc

encodes only correct but not necessarily all available information about those
size relations.

As mentioned above, extracting such a safe set of size–change graphs is in
general not decidable. Of course the accuracy of a size–change termination
algorithm depends on the quality of this given set.

Example 2.1.6. In Figure 2.2 there is an example for a multipath, a finite
thread and an infinite thread for the program ack respectively.

Definition 2.1.7 (F low and Desc). The set of all infinite call sequences that
are possible with respect to the control flow of a given first order functional
program p (denoted by F lowp) is defined by:

{cs | cs = c1, c2, c3 · · · ∈ C
ω
p , cs is well–formed, c1 is a call in the body of f0}

Where f0 denotes the initial function (i.e. the entry point) for program p.
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(c) A finite thread.

Figure 2.2: Example 2.1.6

Given a program p and a safe set of size–change graphs G, the set of all
infinite call sequences that result in termination (denoted by Descp), is defined
by:

{cs | cs ∈ F lowp and there exists a thread t ∈MG(cs) s.t. |t|> =∞}

Note that by definition Descp ⊆ F lowp. Hence for proving equivalence it is
sufficient to show F lowp ⊆ Descp.

Example 2.1.8. Here is an example of the sets defined above for the program
ack:

� F lowack = (1 + 2 + 3)ω which should be obvious.

� And Descack = F lowack which needs some arguing.

Proof. Let cs ∈ F lowack. If cs ends with infinitely many 3s than it can be seen
from G3 that there is an infinitely strictly decrease of n, so cs ∈ Descack follows.
If that is not the case, then there are infinitely many 1s and 2s at the end of
cs. As in all three size–change graphs of ack there is an edge from m to m

it follows that there is an infinite thread with infinitely many descents in it.
Hence also in this case cs ∈ Descack holds.

With these definitions at hand, SCT can be reformulated as follows:

Theorem 2.1.9 (SCT). If for given program p and safe set of corresponding
size–change graphs G the following holds,

F lowp = Descp,

then p terminates on all inputs.

Proof. The proof shows that if p does not terminate then there exists a call
sequence cs ∈ Cω

p such that cs ∈ F lowp but cs 6∈ Descp (i.e. F lowp 6= Descp).
This is the contraposition of the implication to be shown.

Because p does not terminate, there exists an infinite well–formed call se-
quence cs = c1, c2, c3, · · · ∈ C

ω
p , starting in the body of the initial function f0.

Clearly cs is in F lowp.
Assume cs ∈ Descp, then there exists a thread t ∈ MG(cs) with |t|> =∞.

Since G is safe for p, that would give rise to an infinite descent in some
well–founded size–measure. As this is impossible cs cannot be an element of
Descp.
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For a different proof see [1] Section 2.3.2.

2.2 Deciding Sct and its Complexity

First it is shown how to use Büchi–automata techniques for proving size–change
termination. For an introduction to ω–automata see Section B.3. Then a
Pspace–completeness result for Sct is obtained, motivating efficient approxi-
mations.

Since there are algorithms for checking equivalence of two ω–regular sets
(see Section B.3) it only has to be shown, that Desc and F low are ω–regular.

Lemma 2.2.1. F lowp and Descp are ω–regular.

Proof. A set is ω–regular if it is accepted by an ω-automaton.

� F lowp is accepted by the automaton BF lowp
= (Cp,FN,p, {f0}, ρ,FN,p)

where ρ = {(f, c, g) | Gc : f → g ∈ G} and FN,p denotes all functions
that where defined within program p.

� Descp is accepted by the automaton BDescp = (Cp, S
′, {f0}, ρ

′, A′) s.t.

– S′ = FN,p ∪ (Vp ×L)

– ρ′ = {((x, l), c, (x′, l′)) | x
l′
→ x′ ∈ Gc, Gc ∈ G} ∪

{(f, c, (x,=)) | Gc : f → g ∈ G, x ∈ Par(g)} ∪ ρ

– A′ = {(x,>) | x ∈ Vp}

Example 2.2.2. In Figure 2.3 two examples of the automata mentioned in the
proof can be seen to clarify the construction. The shown automata are the ones
for the Ackerman example.

ack

1, 2, 3

(a) BF lowack

m,=

n,=

ack

m, >

n,>

1, 2, 3

3 1, 2

3

1, 2, 3

1, 2, 3

1, 2

3

3

(b) BDescack

Figure 2.3: BF lowack
and BDescack
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Thus checking SCT is reduced to checking equivalence of two ω–regular sets
(or languages). Unfortunately this is known to be Pspace–complete. And that
is near to the worst case expectable since Pspace is conjectured to be a proper
superclass of Np and CoNp in complexity theory (see [5] for more on that).

So these ω–automata algorithms are not very attractive due to their ineffi-
ciency but what about the complexity of Sct? Until now it is known that Sct
is within Pspace (i.e. there is a deterministic Turing machine using at most
polynomial space that decides Sct). But is this also an intrinsic property of
Sct?

Theorem 2.2.3. Sct is Pspace–complete.

Proof Sketch. It has already been argued, that Sct is within Pspace. Hence
Pspace–hardness of Sct remains to be proven.

Let CoSct be the complement of Sct. The Theorem is proven by reduc-
tion from BooleanProgram to CoSct (this is possible because Pspace is
closed under complement). So given a Boolean program b, a first order func-
tional program p with associated set of size–change graphs G is constructed.
Then it is shown that b ∈ BooleanProgram if and only if G 6∈ Sct. As
BooleanProgram is known to be Pspace–complete (see also Section B.5),
this completes the proof. The construction can be found in [1].
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Chapter 3

Ptime–Approximations

3.1 A Graph–Based Algorithm

The first algorithm of this section is not an approximation, but a precise one,
based on graph–theory. But why is it then contained in this section? Simply
because the approximations presented afterwards are built on the same idea.
Again some preliminaries are needed before the algorithm can be presented.

Definition 3.1.1 (Size–Change Graph Composition). The composition of size–
change graphs G : f → g and G′ : g → h,

G ◦G′ : f → h,

is a new size–change graph with edges E = E> ∪E= such that:

E> = {x
>
→ z | ∃y ∈ Par(g), ∃l ∈ L such that x

>
→ y

l
→ z or x

l
→ y

>
→ z}

E= = {x
=
→ z | ∃y ∈ Par(g) such that x

=
→ y

=
→ z and x

>
→ z 6∈ E>}

The size–change graph for cs (denoted by Gcs) is defined as Gc1 ◦ . . . ◦Gcn

where cs is a well–formed call sequence c1, . . . , cn.

Lemma 3.1.2. Multipath M = G1, . . . , Gn has a thread from x to y over its

entire length, containing at least one > if and only if x
>
→ y ∈ G1 ◦ . . . ◦Gn.

Proof. First the direction from right to left is shown and then the other way
round.

⇐: Suppose the composition G1◦. . .◦Gn contains an edge x
>
→ y. By definition

of E> this is only possible if in every Gi there is an edge from x to y and
at least in one of the Gis this edge is labelled with >.

⇒: Suppose M = G1, . . . , Gn has a thread from x to y over its entire length
which contains at least one >. Because the thread goes over the entire

length, there has to be a path x = x1
l1→ x2

l2→ . . .
ln−1

→ xn = y such that

at least one of the lis equals >. This implies x
>
→ y ∈ G1 ◦ . . . ◦Gn.
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Definition 3.1.3 (Composition Closure). The composition closure of a set of
size–change graphs G is the smallest set satisfying:

GCC = G ∪ {G ◦G′ | G : f → g,G′ : g → h ∈ GCC}

f i b (n) = i f n = 0 then 1 else
i f n = 1 then 1 else
1 : f i b (n − 2 ) + 2 : f i b (n − 1 )

f oo (x) = 3 : f oo (x)

Listing 3.1: Unused function

Remark 3.1.4. If the composition closure like above is used, there is a potential
problem for proving termination.

In the program of Listing 3.1 for example, we cannot conclude termination
because there is the idempotent size–change graph G : foo→ foo in GCC but the
only edge within G is x

=
→ x. As the initial function is fib, in a real execution of

this program we would never reach the body of foo. There are two possibilities
to circumvent this problem. The first is a different definition of GCC as in [1]
where it is called S.

As the above formulation of GCC is an elegant fixpoint computation, it is
kept. But then every program p has to be checked for unused functions prior to
checking size–change termination. Fortunately this can be easily done. Simply
check (purely syntactically) for every defined function f ∈ FN,p \ {f0} whether
it is reachable from the initial function f0. If a function is not reachable in that
way, then it is unused. If an unused function is found it has to be removed from
the program. In the sequel it is assumed w.l.o.g. that every program is without
unused functions.

1. Building GCC :

(a) Include every G ∈ G.

(b) For all G : f → g, G′ : g → h ∈ GCC include also G ◦ G′. Repeat 1b
as long as GCC does change.

2. For each G : f → f ∈ GCC test whether G = G ◦ G and x
>
→ x 6∈ G for

each x ∈ Par(f). If that is the case answer no. Otherwise answer yes.

Table 3.1: The graph–based algorithm

Algorithm 3.1.5. In Table 3.1 the graph–based algorithm corresponding to
the proof of Theorem 3.1.6 is shown. So if in step 2 one size–change graph G is

found such that ∀x ∈ Par(f) : x
>
→ x 6∈ G, then the algorithm terminates with
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no (i.e. the initial set of size–change graphs G is not in Sct). Otherwise, after
testing all idempotent Gs, the algorithm terminates with yes.

Another formulation of SCT is:

Theorem 3.1.6 (SCT). Program p is size–change terminating if and only if for
all G : f → f ∈ GCC such that G = G ◦ G (i.e. G is idempotent) there exists

x
>
→ x ∈ G for some x ∈ Par(f).

Proof. First the above theorem is reformulated in a way, that the structure of
the proof below becomes clearer. Let ¬SCT(p) denote that program p is not
size–change terminating. Then the following is equivalent to Theorem 3.1.6
(see also Theorem 4 in [1]):

¬SCT(p)

⇐⇒

∃G : f → f ∈ GCC with G = G ◦G such that ∀x ∈ Par(f) : x
>
→ x 6∈ G

⇒: Suppose p is not size–change terminating. Then there exists an infinite call
sequence cs = c1, c2, c3, . . . such that there is no thread t ∈MG(cs) with
|t|> =∞. Now define a class

PG = {(i, j) | G = Gcs′ s.t. cs′ = ci, ci+1, . . . , cj−1 is a subsequence of cs}

for every G ∈ GCC . This partitions N
2
< (i.e. the set of all ordered pairs

(m,n) ∈ N such that m < n) where N is used as set of indices for cs,
into a finite number of classes. Then by Ramsey’s Theorem (see page 28),
there exists an infinite subset I of N such that all pairs (i, j) ∈ I 2

< are in
the same class PG∞ .

Take k,m, n ∈ I such that k < m < n. Then following holds:

G∞ = Gck
◦ . . . ◦Gcn−1

= (Gck
◦ . . . ◦Gcm−1

) ◦ (Gcm ◦ . . . ◦Gcn−1
)

= G∞ ◦G∞

Assume x
>
→ x ∈ G∞. Then by Lemma 3.1.2 each multipath section

Gci
, . . . , Gcj−1

with i, j ∈ I such that j is the next bigger natural number
within I after i, has a descending thread from x to x. Hence MG(cs)
would have an infinitely descending thread which leads to a contradiction.

Therefore G∞ can not have an edge x
>
→ x.

⇐: Let G∞ : f → f ∈ GCC such that G∞ = G∞ ◦ G∞ and x
>
→ x 6∈ G∞. By

definition of GCC there exist well–formed call sequences cs and cs′ such
that cs(cs′)ω ∈ F lowp and Gcs′ = G∞.

Assume that p is size–change terminating. Then (cs′)ω has an infinitely
descending thread such that some x ∈ Par(f) is visited infinitely often.
That implies that there is a number n ∈ N such that MG((cs′)n) has a

descending thread from x to x. By Lemma 3.1.2, the edge x
>
→ x is in

G(cs′)n = (Gcs′)
n = (G∞)n = G∞ which yields a contradiction. Thus p is

not size–change terminating.
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3.2 The General Idea of the Approximation

As seen in Section 2.2, the problem Sct is Pspace–complete. Thus approxima-
tions are needed in order to obtain efficient algorithms for checking size–change
termination. After introducing some preliminaries, the general idea of the ap-
proximation(s) follows.

Definition 3.2.1 (Size Relation Graphs). For any set of size–change graphs G
define the following sets:

Vert(G) = {x | G : f → g ∈ G and x ∈ Par(f) ∪ Par(g)},

the set of all parameters that occur in any size–change graph of G, and

Edge(G) = {x
l
→ y | G ∈ G and x

l
→ y ∈ G with l ∈ L},

the set of all labelled edges that occur in some size–change graph.
The size relation graph of G (denoted by SRGG) is defined as:

SRGG = (Vert(G), Edge(G))

Definition 3.2.2 (Call Graphs). The call graph of G (denoted by CGG) is
defined as:

CGG = (FN,p, {(f, g) | G : f → g ∈ G})

A set of size–change graphs G is strongly–connected (see Definition B.6.1) if
CGG is strongly–connected.

For G define Scc(G) to be the set of strongly connected components of CGG

(i.e. Scc(G) = Scc(CGG)).

Definition 3.2.3 (Infinity Sets). The infinity set of an infinite sequence σ =
s1, s2, s3, . . . of elements from the finite set S is

Sσ
∞ = {s ∈ S | |s1, s2, s3, . . . |s =∞}.

See Section B.2 for the notation.

Definition 3.2.4 (Anchors). A size–change graph G is called an anchor for a
set of size–change graphs H if every infinite H–multipathM whose infinity set
contains G has infinite descent (i.e. ∀M : G ∈ HM

∞ =⇒ |M|> =∞).

Lemma 3.2.5. If every non–empty strongly–connected H ⊆ G has an anchor,
then G satisfies SCT.

Proof. F lowp can also be seen as the set of all infinite paths in CGG that are
starting in f0, where G is a safe set of size–change graphs for p. Each edge of CGG

corresponds to exactly one c ∈ Cp. Because CGG is a finite graph, every infinite
path within it has to ‘settle down’ within some strongly–connected subgraph of
CGG . Because all strongly–connected subgraphs CGH (that are not empty) have
an anchor (also minimal ones consisting of only one node and one edge), every
infinite path gives rise to an infinite strict decrease, i.e. F lowp = Descp.
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Lemma 3.2.6. Suppose the set of size–change graphs H is strongly–connected
and A ⊆ H is a non–empty set of anchors for H. If some non–empty strongly-
connected H′ ⊆ H is without anchors, then H′ is a subset of a member of
Scc(H \ A).

Proof. In the call graph CGH an anchor of H (i.e. an element of A) corresponds
to a single edge. So the call graph CGH\A is a subgraph of CGH where all edges
corresponding to an anchor in A where deleted. The strongly connected com-
ponents Scc(CGH\A) of this new call graph cannot contain edges corresponding
to graphs within A, as they where just deleted.

If H′ ⊆ H and H′ is without anchors, then it is especially not possible for H′

to contain a graph of A. Because H′ is strongly–connected it is either a part of a
strongly–connected component ofH\A or itself one of those strongly–connected
components.

Algorithm 3.2.7 (SCP). Lemma 3.2.5 leads to following procedure to ap-
proximate Sct for a given set of size–change graphs G, provided there is a way
to determine anchors for strongly–connected Hs. Termination is guaranteed by
Lemma 3.2.6. The procedure, denoted SCP (size–change polytime), is called
with each H ∈ Scc(G). It is shown in Table 3.2.

1. Determine anchors A for H.

2. If A = ∅ then fail.

3. For each H′ ∈ Scc(H \A) with H′ 6= ∅ call SCP(H′).

Table 3.2: The approximation framework

Either the procedure fails, indicating that G is not size–change terminating,
or it terminates without failure, indicating SCT(G).

In the following two sections, first a way to determine anchors for fan–in
free graphs, and then an approach for general graphs, is shown.

3.3 Deducing Anchors for Fan–In Free Graphs

Definition 3.3.1 (Fan–In Free Size–Change Graphs). A size–change graph
G : f → g is called fan–in free if for all x, y ∈ Par(f), z ∈ Par(g) and l, l ′ ∈ L

from x
l
→ z ∈ G and y

l′
→ z ∈ G follows, that x = y.

A set H of size–change graphs is called fan–in free if all graphs G within H
are fan–in free.

Definition 3.3.2 (Thread Preservers). Let V be a set of parameters (i.e. V ⊆ Vp)
and H be a set of size–change graphs.
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The set of forward thread preservers of H is the largest set
−→
TPV (H) such

that:

{x ∈ V | ∀G : f → g ∈ H : x ∈ Par(f) =⇒ ∃y ∈
−→
TPV (H) : x

l
→ y ∈ G}

i.e. a subset of V such that for each of its members there is a non–empty
thread within the size–change graphs of H starting at it.

The set of backward thread preservers of H is the largest set
←−
TPV (H) such

that:

{y ∈ V | ∀G : f → g ∈ H : y ∈ Par(g) =⇒ ∃x ∈
←−
TPV (H) : x

l
→ y ∈ G}

i.e. a subset of V such that for each of its members there is a non–empty
thread within the size–change graphs of H ending in it.

Lemma 3.3.3. Let H be a fan–in free and strongly–connected set of size–change

graphs. If for G ∈ H, there is an edge x
>
→ y ∈ G such that x, y ∈

−→
TPVp(H),

then G is an anchor for H.

Proof. For a proof see [2] Theorem 4.

Algorithm 3.3.4 (SCP1). The variant of SCP where the first step (determin-
ing anchors) is done as indicated by Lemma 3.3.3 is denoted by SCP1.

Theorem 3.3.5. Let N be the space requirement for G. Then SCP1 is a O(N 2)–
time procedure to approximate Sct.

Proof. For a proof see [2] Lemma 3.

But why can this method of determining anchors not be used for general
graphs? Here follows a counter example.

Example 3.3.6. For the simple program of Listing 3.2, the size–change graph
of Figure 3.1(a) can be obtained, considering also branching behaviour (which is
in general not possible automatically), i.e. if the programs control flow reaches
the recursive function call to f , then y has to be the list x without its first
element.

f (x , y) = i f y = tl (x) then 1 : f (x , y) else 0

Listing 3.2: A problematic program

Hence the set of size–change graphs for the given program is G = {G1}, and
the call graph of G is a trivial graph with one node f and one edge f → f as
can be seen in Figure 3.1(b). CGG is strongly–connected. The forward thread

preservers of G are
−→
TPVp(G) = {x, y} and x

>
→ y ∈ G1. Thus SCP would

conclude that G is an anchor, which implies SCT(G).
But this is not the case as can be seen by the multipathM = G1, G1, G1, . . . ,

which has no infinite descent.

15



x x

y y

=
>

=

(a) G1 : f → f

f

(b)
CGG

Figure 3.1: Size–change graph and call graph

3.4 Deducing Anchors for General Graphs

Edges that are not in the same strongly–connected component of the size re-
lation graph of G, cannot give rise to anchors (see [2]). Therefore following
critical parameter sets are defined, to be inspected independently for descent.

Definition 3.4.1 (Critical Parameter Sets). The critical parameter sets for
the set of size–change graphs H is defined as:

Crit(H) = {V |
←−
TPV (H) = V, V strongly–connected in SRGH, and V maximal}

Algorithm 3.4.2 (Computing Crit(H)). In Table 3.3 it can be seen how to
compute the critical parameter sets. See also Definition B.6.3 for the notation.

1. Initialise Crit(H) to {
←−
TPVp(H)}.

2. Replace each V ∈ Crit(H) with (possibly several) non–empty
←−
TPV ′(H),

where V ′ ∈ Scc(SRGH|V ). Repeat 2 as long as Crit(H) changes.

Table 3.3: Computing Crit(H)

Lemma 3.4.3. Let H be a strongly–connected set of size–change graphs. Then
G ∈ H is an anchor for H if there is a set of parameters V ∈ Crit(H) such that
one of the following holds:

either: For each G′ ∈ H with x
l
→ y, x

l′
→ y′ ∈ G′ such that x, y, y′ ∈ V and

l, l′ ∈ L it follows that y = y′ and there exists x
>
→ y ∈ G with x, y ∈ V .

or: The graph with edges {x
=
→ y ∈ SRGH | x, y ∈ V } has no strongly–connected

subgraph with an edge x
=
→ y ∈ G.

Algorithm 3.4.4 (SCP2). The variant of SCP where anchors are deduced as
indicated by Lemma 3.4.3 is denoted by SCP2.
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Theorem 3.4.5. Let N be the space requirement for given set of size–change
graphs G. Then SCP2 is a O(N 3)–time algorithm to approximate Sct.

17



Chapter 4

Summary

At the beginning the size–change principle was introduced as a sufficient condi-
tion to conclude termination of functional programs. Starting at an ω–automata
based way to decide SCT the Pspace–completeness proof for SCT was sketched
to demonstrate its very high complexity. This was the motivation for two ap-
proximations. Based on graph–theory, this approximations differed only in
their manner to determine anchors. The first one was only applicable to fan–
in free size–change graphs whereas the second one could be applied to general
size–change graphs.
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Appendix A

Applied SCT and Extensions

A.1 An Implementation of SCT

An implementation of the size–change termination analysis (SCP2 to be precise)
can be found at http://www.diku.dk/~panic/sct/. A short “manual” for this
web–tool follows, as the web–page itself does not offer to much insight.

The source language is a first order functional language with expressions as
defined in Table A.1.

E ::= x

| c

| c(E, . . . ,E)
| d(E)
| if E then E else E
| let x = E . . . x = E in E
| f(x, . . . ,x)

| p(x, . . . ,x)

Table A.1: Expressions in the source language

The components are described in the following:

x: Used for variables. It can be any identifier (i.e. starting with a letter followed
by letters and digits) that begins with a lower case letter.

c: Used for constants (nullary functions) and constructors. It can be any iden-
tifier starting with a capitalised letter. The only form of constructors
available are constants and tuples (of arbitrary arity). For example the
natural numbers N could be imitated as:

0 ∼ Z

1 ∼ S(Z)

2 ∼ S(S(Z))

...

3− 1 ∼ P(S(S(S(Z))))
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Where Z is used as 0 (zero), S as successor function (n + 1) and P as
predecessor function (n− 1).

Another example would be lists of Booleans with constants True, False
and Nil (for the empty list) and constructor Cons.

Example A.1.1.

[] ∼ Nil

[0] ∼ Cons(False, Nil)

[1; 0] ∼ Cons(True, Cons(False, Nil))

d: Used for destructors. As the only type of constructors are tuples (and con-
stants which cannot be destructed), there are predefined destructors for
accessing elements of those tuples, namely

d ∈ {1st, 2nd, 3rd, 4th, . . . }.

For the last list in Example A.1.1 this could be used to imitate the ‘head’
and ‘tail’ operations on lists as follows:

hd([1; 0]) ∼ 1st(Cons(True, Cons(False, Nil)))

tl([1; 0]) ∼ 2nd(Cons(True, Cons(False, Nil)))

f : Used for functions. It can be any identifier starting with a lower case letter
that is not used for p (i.e. is not a primitive operator).

p: Used for (predefined) primitive operators. Following operators could be ex-
tracted from the examples found on the web–page of the implementation
(but there is no documentation easily available, thus it is not known
whether the list is comprehensive).

and: Boolean and of two Boolean expressions. E.g. and(gte(m, Z),

not(eq(m, Z))) is used for expressing m ≥ 0 ∧m 6= 0.

add: Addition. E.g. add(S(Z), S(Z)) = S(S(Z)) is equivalent to 1+1 =
2.

div: Division.

eq: This operator tests equality of the outermost constructors of two data
values. For example testing whether a natural number n equals 0
could be done like: eq(n, Z). Or testing if a list ls is empty like:
eq(ls, Nil).

equal: Tests whether the two arguments are equal.

error: Takes a constant (i.e. a capitalised identifier) as argument and
terminates. It can be used to indicate that an error occurred during
runtime. E.g. if eq(y, Z) then error(DivisionByZero) could
be used within a routine for integer division to avoid an undefined
division by zero.
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gt: This operator tests whether the first operand is greater than the sec-
ond one. For example testing whether a natural number n is greater
than 0 is done like: gt(n, Z).

gte: Greater than or equal.

lt: This operator tests whether the first operand is less than the second
one.

lte: Less than or equal.

mul: Multiplication.

not: The unary Boolean not operation.

or: Boolean or of two Boolean expressions.

Example A.1.2. In Listing A.1 an example for the Ackerman function can
be seen. This program can be proven to be size–change terminating by the
implementation above.

ack (m, n) = i f eq(m, Z) then S(n) else
i f eq(n , Z) then ack ( 1st (m) , S(Z) )

else ack ( 1st (m) , ack (m, 1st (n) ) )

Listing A.1: ack

A second example (Listing A.2) demonstrates a program that implements
tail–recursive list reversal.

rev ( l s ) = rev aux (Nil , l s )
rev aux (a , l s ) = i f eq( l s , N i l ) then a

else rev aux (Cons(1st ( l s ) , a) , 2nd( l s ) )

Listing A.2: rev

For a third example, that cannot be proven to be size–change terminating
see Listing A.3.

j (m, n) = i f eq(add(m, n) , Z) then Z else
i f l t (m, n) then j ( 1st (m) , S(n) )

else j (S(m) , 1st (n) )

Listing A.3: Program that cannot be proven to be size–change terminating

There is an extension of SCT that is able to prove the termination of the
program in Listing A.3. This extension is discussed in the next section.

A.2 Affine–Based Size–Change Termination

In [4] a translation of size–change graphs to affine–based graphs is proposed.
Within an affine–based graph, affine relations among function parameters are
expressed by Presburger formulæ. An affine relation is a property of the form
a0 +

∑k
i=1 aixi op 0 where x1, . . . , xk are program variables, a0, . . . , ak are inte-

gers, and op ∈ {=, <,≤, >,≥}.
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Definition A.2.1 (Presburger Formulæ). The kind of Presburger formula ϕ

which is used in this section is of the form presented in Table A.2, where
x1, . . . , xm and y1, . . . , yn are variables, χ is a Boolean formula, ε is a Boolean
expression, and α is an arithmetic expression with c ∈ N.

ϕ ::= {[x1, . . . , xm]→ [y1, . . . , yn] | χ},

χ ::= ε | ¬χ | ∃x.χ | χ ∨ χ | χ ∧ χ,

ε ::= true | false | α = α | α < α,

α ::= c | x | c · α | α + α | − α,

Table A.2: Presburger formulæ

x1, . . . , xm are called source parameters and y1, . . . , yn target parameters.
Following abbreviations are used:

α ≤ β ∼ α < β ∨ α = β

α > β ∼ β < α

α ≥ β ∼ β < α ∨ α = β

α 6= β ∼ ¬(α = β)

This formulæ can be used to describe affine-based graphs (and also size–
change graphs, as they are restricted variants of affine–based graphs).

Example A.2.2. Some examples of affine relations for size–change graphs cor-
responding two Figure 2.1 and Figure 3.1(a) follow. Target parameters are
replaced by there primed versions if they have the same name as source param-
eters (e.g. x′ instead of x):

Figure 2.1(a): {[m,n]→ [m′, n′] | m′ < m}

Figure 2.1(b): Same as for Figure 2.1(a).

Figure 2.1(c): {[m,n]→ [m′, n′] | m′ = m ∧ n′ < n}

Figure 3.1(a): {[x, y]→ [x′, y′] | x′ = x ∧ y′ < x ∧ y′ = y}

It is easy to see, that size–change graphs are very restrictive, as they only
use:

χ ::= ε | χ ∧ χ

and
ε ::= true | yi = xj | yi < xj.

Definition A.2.3 (Operations over affine relations). Following operations are
defined over affine relations:
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composition: The composition of affine relations is defined by:

ϕ1 ◦ ϕ2 = {(x, z) | ∃y : (x, y) ∈ ϕ1 ∧ (y, z) ∈ ϕ2}

union: The union of two affine relations is defined by:

ϕ1 ∪ ϕ2 = {(x, y) | (x, y) ∈ ϕ1 ∪ (x, y) ∈ ϕ2}

transitive closure: The transitive closure of an affine relation is defined by:

ϕ+ =
⋃

i≥0

ϕi

where ϕi means composing ϕ with itself i times.

Definition A.2.4 (Affine–Based Graphs). An affine–based graph is a size–
change graph where the set of labels L is ignored and each destination parameter
is constrained by the source parameters arranged in an affine relation.

Example A.2.5. For the program from Listing A.3, there are the two size–
change graphs shown in Figure A.1.

m m

n n

>

(a) G1 : j → j

m m

n n
>

(b) G2 : j → j

Figure A.1: Size–change graphs for the program from Listing A.3

Corresponding affine–based graphs (represented non–graphically) would be:

Γ1 = {[m,n]→ [m′, n′] | m′ = m− 1 ∧ n′ = n + 1}

and
Γ2 = {[m,n]→ [m′, n′] | m′ = m + 1 ∧ n′ = n− 1}

It can be seen, that with the help of affine–based graphs more accurate
information about the size relations among parameters can be captured.

“Presburger formulæ, or affine relations in particular, may be a good
candidate for encoding size–change graphs, for the following three
reasons:

1. They allow the capturing of constant changes in parameter size.
This allows the effect of constant increment and decrement to
be cancelled out during the analysis.
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2. They can express size change of a destination argument by a
linear combination of source parameters. This enables more
accurate representation of size change.

3. They can constrain the size change information with informa-
tion about call context, thus naturally extending the analysis
to be context–sensitive. The LJB–analysis method ignores test
conditions, but these can be expressed naturally using Pres-
burger constraints.”

The above paragraph has been taken from [4]. With LJB–analysis the analysis
presented in [1] is denoted.

Note: There is a translation function from the set of size–change graphs to
the set of affine–based graphs and an abstraction in the other direction as can
be found in [4].

A.3 An Example for Affine–Based Size–Change Ter-

mination

Consider the functional program of Listing A.4.

f (m) = i f m <= 0 then 1 else 1 : g(m + 1 )
g(n) = i f n <= 0 then 1 else 2 : f (n − 2 )

Listing A.4: Constant change cancellation

The corresponding input for the SCP2 implementation could be written as
shown in Listing A.5.

f (m) = i f l t e(m, Z) then S(Z) else g(S(m) )
g(n) = i f l t e(n , Z) then S(Z) else f ( 1st (1st (n) ) )

Listing A.5: Input for SCP2

But it is not possible to prove termination with this approach. As there are
only the two size–change graphs to be found in Figure A.2.

The corresponding affine–graphs that can be extracted from the given pro-
gram are:

Γ1 = {[m]→ [m′] | m′ = m + 1}

and
Γ2 = {[n]→ [n′] | n′ = n− 2}

The analysis presented in [4] is done by starting from a set of affine–based
graphs that where extracted from the given program (i.e. Γ1 and Γ2 for the
given example). Then some kind of closure for this set is computed. Once this
set is stable, every idempotent graph is checked for an decreasing parameter.
If this condition is satisfied, the given program is size–change terminating. For
details on this algorithm see [4].
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m n

(a) G1 : f → g

m n
>

(b) G2 : g → f

Figure A.2: Size–change graphs for Listing A.4

In the example the only two idempotent graphs after the closure algorithm
are:

Γ3 = {[n]→ [n′] | n′ < n}

and
Γ4 = {[m]→ [m′] | m′ < m}.

which both have decreasing parameters. So the given program is size–change
terminating, which could not be proven by the LJB–analysis.
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Appendix B

Theoretical Background

B.1 A First Order Functional Language Lf
1

A first order functional language operates on data structures that have a well–
founded size measure (e.g. the natural numbers with their values as sizes, lists
of natural numbers with the list–lengths as sizes etc.).

Definition B.1.1. A signature is a set F of function symbols. F is the disjoint
union of the two sets FN of newly defined function symbols and FP of primitive
function symbols. Associated with every f ∈ F is a natural number denoting
its arity, i.e. the number of parameters it has.

Definition B.1.2. Let F be a signature, V a set of variables, and C a set of
call labels disjoint from each other. The set E(F ,V) of expressions built from
F and V is defined inductively as follows:

x ∈ Vx ,
e1 e2 e3

if e1 then e2 else e3
,

e1 . . . en p ∈ FP
p(e1, . . . , en)

,
e1 . . . en f ∈ FN and c ∈ C

c:f(e1, . . . , en)

Definition B.1.3. New functions are defined like:

f(x1, . . . , xn) = e

such that f ∈ FN is the function that is defined, Par(f) = {x1, . . . , xn} ⊆ V
are the parameters of f , and e ∈ E(F ,Par(f)) is the body of f.

Definition B.1.4. A program is a sequence of function definitions such that
no newly defined function symbol is used twice as the function that is defined.
The initial function is the first function defined in a program (denoted by f0).

For a given program p let Cp ⊆ C denote the set of call labels occurring in p.
Equivalently define Vp, Fp, FN,p, and FP,p as the variables, function symbols,
newly defined function symbols, and primitive function symbols occurring in p

respectively.
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Example B.1.5. Here are two example–programs. One computes the Acker-
man function and the other is a tail–recursive version of a list–length function:

ack (m, n) = i f m = 0 then n + 1 else
i f n = 0 then 1 : ack (m − 1 , 1 )

else 2 : ack (m − 1 , 3 : ack (m, n − 1 ) )

Listing B.1: ack

l en ( l s ) = 1 : l en aux ( 0 , l s )
l en aux (n , ns ) = i f ns = [ ] then n

else 2 : l en aux (n + 1 , t l ns )

Listing B.2: len

B.2 ∗–Notation and ω–Notation

Definition B.2.1. For any set S, define S∗ to be the set of all finite sequences
over S and define Sω to be the set of all infinite sequences over S. Define
S∗ω = S∗ ∪ Sω. For elements of either S∗ or Sω the notation s1, s2, s3, . . . is
used, whereas s1, s2, s3, . . . , sn denotes elements of S∗.

Let |s1, s2, s3, . . . |s denote the number of occurrences of s in s1, s2, s3, . . . .
|s1, s2, s3, . . . |s = ∞ expresses that s occurs infinitely often in the given (nec-
essarily) infinite sequence.

B.3 ω–Automata

Definition B.3.1. A Büchi automaton is a tuple B = (Σ, S, I, ρ, A) such that
Σ is a finite input alphabet, S is a finite set of states, I ⊆ S is the set of initial
states, A ⊆ S is the set of accepting states, and ρ ⊆ S ×Σ× S is the transition
relation. Often s

σ
⇒ s′ is written instead of (s, σ, s′) ∈ ρ.

Definition B.3.2. A run of a ω–automaton B on an infinite word σ1σ2σ3 · · · ∈
Σω (see Definition B.2) is a transition sequence s1

σ1⇒ s2, s2
σ2⇒ s3, · · · ∈ ρω (also

written as s1
σ1⇒ s2

σ2⇒ s3
σ3⇒ . . . ).

A run π is accepting if and only if some s ∈ A occurs infinitely often in it,
i.e. |π|s =∞ (see Definition B.2) for some s ∈ A.

Definition B.3.3. The language accepted by B (denoted by Lω(B)) is the set
of all infinite words w over Σ such that there is an accepting run on w.

Languages are called ω–regular if and only if they are accepted by some
ω–automaton.

B.4 Infinite Ramsey’s Theorem

In the following a version of Ramsey’s Theorem is presented that is needed
in the proof of a central theorem. This version is not as general as the one
that is usually referred to. The restriction takes place in the fact that only
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ordered pairs of members are considered whereas the general version considers
k-member subsets with k ∈ N.

Theorem B.4.1 (Ramsey’s Theorem, Restricted Version). Let M be an infinite
set and n ∈ N. Suppose that the set of all ordered pairs (m,m′) ∈M ×M with
m < m′ (denoted by M 2

<) is partitioned into n classes. Then there is an infinite
subset of M such that all ordered pairs (like above) built from this subset are in
the same class.

Proof. Let M 2
< = {(m,m′) ∈ M × M | m < m′} and the above partition

be denoted by PM2
<
. The n classes of the partition PM2

<
are denoted by

P1, P2, P3, . . . Pn. Each (m,m′) ∈M2
< is in exactly one of PM2

<
’s classes. Select

an element m0 of M and consider all pairs (m0,m
′) that are in M 2

<. There is
a class Pk0

such that the set

M1 = {m′ ∈M |(m0,m
′) ∈ Pk0

}

is infinite. As next step select an element m1 of M1 and consider all pairs
(m1,m

′) ∈M2
<. There is a class Pk1

such that the set

M2 = {m′ ∈M1 | (m1,m
′) ∈ Pk1

}

is infinite. Etc.
So three infinite sequences are obtained:

� The sequence of elements of M : m0,m1,m2, . . .

� The sequence of classes: Pk0
, Pk1

, Pk2
, . . .

� The sequence of subsets: M = M0 ⊃M1 ⊃M2 ⊃ . . .

Where mi is in Mi \ Mi+1 and all pairs (mi,m
′) with m′ ∈ Mi+1 are in

the class Pki
. One of the classes (denote it by Pk) occurs infinitely often in

the above sequence: Pk = Pki
for i = i0, i1, i2, . . . . The set of corresponding

elements:
H = {mi | i = i0, i1, i2, . . . }

is an infinite subset of M and all pairs (m,m′) ∈ H2
< are in the same class Pk.

Indeed, if m = mi and m′ = mj, where i = ik, j = im and k < m, then m is in
Mi \Mi+1 and m′ is in Mi+1. Hence (m,m′) is in the class Pki

, i.e. in Pk.

B.5 BooleanProgram

First Boolean programs are defined.

Definition B.5.1 (Boolean Program). A Boolean program b is an instruction
sequence 1 : I1 2 : I2 3 : I3 . . . m : Im specifying a computation on k Boolean
variables X1, . . . , Xk. There are only two instructions:

1. Xi :=not Xi

2. if Xi then goto l′ else l′′
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Definition B.5.2. The computation by b is a possibly infinite state sequence
(l1, σ1), (l2, σ2), . . . , where each store σ assigns truth values in {true, false} to
each of b’s variables and lt is the control point at time t.

Initially l1 = 1 and σ1 assigns false to every variable. The semantics of the
two instructions are as follows. During instruction 1 the variable Xi is negated
(i.e. true goes to false and vice versa) and the control point is incremented by
one (i.e. the next line of the program is executed). Instruction 2 is a conditional
jump depending on the value of the variable Xi. If Xi is true then the control
flow resumes at control point l′ else it resumes at l′′.

A Boolean program b terminates if at any point in the computation the
control point is 0, where also a jump beyond the last line is considered as 0
(i.e. if its computation is (l1, σ1), . . . , (lt, σt) = (0, σt) for some t).

The set of all terminating Boolean programs is defined by:

BooleanProgram = {b | b is a Boolean program and b terminates}

Lemma B.5.3. BooleanProgram is in Pspace (see also [6]).

Proof. There is a Turing machine T that decides for an arbitrary Boolean pro-
gram b if it is in BooleanProgram. The machine T simulates the program
b using at most space proportional to k + dlog me (i.e. k bits for the values of
the variables X1, . . . , Xk and an dlog me–bit integer to store the current control
point). T would of course loop infinitely if the interpreted program does so.
Thus some additions are needed.

Let the interpreted program b have m labels (i.e. its length is m) and k

Boolean variables. Then it can enter at most m · 2k configurations without
repeating one and thus looping.

To ensure termination of T a binary counter c with r = k · dlog me bits is
used. It is incremented every time an instruction of b has been simulated. If c

becomes 2r−1 then T stops and answers No. If b terminates before the counter
reaches that value then T stops and answers Yes.

It remains to show that BooleanProgram is hard for Pspace (i.e. every
computational problem within Pspace can be reduced to BooleanProgram).

Lemma B.5.4. Let C be a counter machine running in polynomial space f(n)
and let d = a1 . . . an ∈ {0, 1}

∗ be an input of length n. Then there exists
a Boolean program b such that b terminates if and only if C(d) terminates.
Further b can be constructed from C and d in space O(log n).

A counter machine is very similar to a register machine. For a detailed
explanation see [6].

Proof. The proof is done in two steps:

1. There is a polynomial π such that for any input d an input–free counter
machine Cd with counters C1, . . . , Ck can be built in space O(log |d|) such
that:

(a) Cd terminates if and only if C(d) terminates; and
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(b) if Cd terminates, then its counter values are bounded by π(n).

For this construction see [6] chapter 28.

2. The next step is, to construct from Cd = I1 . . . Im a Boolean program b

such that b terminates if and only if C terminates on input d. It has the
form:

b = 1 : I′1 . . . m : I′m

and variables C
j
i for i ∈ [1, k], j ∈ [0, π(n)] with the intended interpreta-

tion: variable C
j
i is true exactly when the j–th bit of counter Ci is a 1.

Instructions I′l to simulate instruction Il of Cd are defined as in Table B.1.

Counter machine
instruction Il

BooleanProgram instructions I ′
l

Ci := Ci + 1 if ¬C0
i then C0

i := true else
{C0

i := false; if ¬C1
i then C1

i := true else
{C1

i := false; . . . else

{C
π(n)−1
i := false;C

π(n)
i := true; } . . . }}

Ci := Ci − 1 if C0
i then C0

i := false else
{C0

i := true; if C1
i then C1

i := false else

{C1
i := true; . . . else if C

π(n)
i then

C
π(n)
i := false; } . . . }}

if Ci = 0 if C0
i ∨ · · · ∨ C

π(n)
i goto l′ else l′′

goto l′ else l′′

Table B.1: Simulating a counter machine as Boolean program

Theorem B.5.5. BooleanProgram is complete for Pspace.

Proof. If a problem P is in Pspace then it is decidable by some polynomially
space–bounded counter machine program C. This program can be modified in
a way, that it only terminates on acceptance. Thus the construction above can
be used to reduce P to BooleanProgram.

B.6 Some Graph–Theory

Definition B.6.1 (Strongly–Connected Graphs). A graph G = (V,E) is strongly–
connected if for all u, v ∈ V , v is reachable from u (i.e. there is a path from u

to v).

Definition B.6.2 (Strongly–Connected Components). For any graph G define
Scc(G) to be the set of maximal strongly–connected subgraphs of G (also called
strongly–connected components of G).
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Definition B.6.3 (Restricted Graphs). For a graph G = (V,E) and V ′ ⊆ V

let G|V ′ denote the restriction of G to the vertices in V ′, defined by:

G|V ′ = (V ′, {(v, w) ∈ E | v, w ∈ V ′})
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